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ABSTRACT 

In this paper we show that our recent formulation of classical mechanics via path- 
integrals has many features in common with Witten’s topological field theories. The 
action of the theory is a pure RRS-commutator, which arises when we ’’gauge-fix” the 
symmetry of arbitrary deformations in path-space. This gauge fixing involves the Hamil- 
tonian H and the symplectic 2-form w on the phase space M 2n . Imposing BRS-invariant 
boundary conditions, the path-integral can be used to calculate ’’topological” invariants 
of the dynamical system In this paper we restrict ourselves to the Euler 

number of the symplectic manifold M 2n and the Maslov indices of the dynamics. Most 
probably many other ’’topological” features of (M 2n ,u,H) can be calculated using this 
path-integral. Conventional (non-topological) classsical mechanics is recovered by using 
boundary conditions which are not BRS- invariant. They give rise to expectation values 
which are sensitive to the ’’local” details of the dynamics. 
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In two previous papers [1] we have given a path-integral formulation of classical me- 
chanics both in its Lagrangian and in its Hamiltonian version. The operatorial contents 
of this theory turned out to be a generalization of the operatorial approach to classical 
mechanics of Koopman and von Neumann [2] . The path-integral measure was chosen in 
such a way that only classically allowed paths contributed to the integral. This measure 
could be written as exp(iS), where the "super-action" S not only contains the original 
phase-space variables <^°(f), but also anticommuting ghosts fields c“(t) and c a (t), as 
well as a commuting auxiliary field A a (<). These ghosts have interesting dynamical and 
geometrical properties. From the dynamical point of view their importance lies in the fact 
that they can be identified with the well-known Jacobi fields [3] (or "geodesic deviations”) 
which describe the behaviour of nearby trajectories. This kind of information is needed to 
detect the possible chaotic behaviour of a dynamical system (4) which, in fact, was one 
of the main motivations for setting up a path-integral formulation of classical dynamics. 
From the geometrical point of view the ghosts are interesting because in a Schrodinger 
picture-like formulation [1] of the theory, c“ and c 0 become, respectively, multiplica- 
tive and derivative operators acting on generalized density functions g(4> a ,c a )- In this 
context the ghosts c“ provide a basis in cotangent space (like the differentials d<p a ), 
and consequently all the manipulations of exterior algebra on a symplectic manifold (Car- 
tan calculus [5] ) can be reformulated as a set of operatorial rules involving the ghosts. 

The exterior derivative, for instance, is realized by the conserved charge of a hidden BRS 
symmetry of S. More generally, for any Hamiltonian system, S is invariant under the 
action of a universal JSp(2) symmetry group, and all its generators have a simple geomet- 
ric interpretation [1] . Moreover, in ref. (6] it has been shown that, in the path-integral 
formulation, every conservation law of the system leads to a further graded symmetry of 
5 . In particular a "genuine" supersymmetry makes its appearance in relation to the 

energy con.erv.tion, Thi. ,uper.ymmetry c.n be used to ch.r.cteri.e ergudic system.: all 
systems with this supersymmetry not spontaneously broken are ergodic. 

In the present paper we are going to discuss another rather surprising feature of the 
path-integral for classical mechanics: it gives rise to a kind of topological field theory 
similar to the theories recently proposed by Witten [7) . In particular, the Lagrangran C, 
belonging to the action 5, turns out to be a pure BfiS-commut.to, We shail see that the 
classical path-integral can be used to compute "topological" ' invariants of any iynan»cal 
system , where JW,„ is a symplectic manifold with symplect.c Worm w 

. By "topologicsT we^neaiTqusn.ities i.wn.iliv. to -.mall’ deformation. .( H) bn. 

to "large" deformation*. 
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and H is the Hamiltonian. The simplest example is provided by quantities which are 
insensitive 1 to wand H and therefore do not "feel” the dynamics. They are the ordinary 
topological invariants of Mi n i the cohomology classes or, in particular, the 

Euler number xi-Min)- There is also another class of invariants which are sensitive to the 
dynamics, but which do not change if we slightly perturb the dynamics. A typical example 
of this class is the Maslov index. 

To start with, we recall some of the basic features of the classical path-integral. We 
assume the reader to be familiar with ref. [1] and mention only a few important points. We 
consider a Hamiltonian system with a time-independent Hamiltonian defined on 

a 2n-dimensional phase-space Min with local coordinates <t>*,a = l,---,2n. Hamilton's 
equations are 

*•(*) = *“(*(<)) 

where h a = is the Hamiltonian vector field generated by H (u>** is the symplectic 

structure [5] .) The classical path-integral describes the time-evolution of generalised phase- 
space density functions p(<£“,c“,f) which, in general, depends on the ghosts. If we consider 
{c“} as a basis of the cotangent space TfMin some <f> € Mi„ , then (^“,c*) are local 
coordinates for the cotangent bundle T'Min- Expanding the g as 

«*■-«*’ < 2 > 

r=o p ‘ 

we see that we can interpret it as a kind of inhomogeneous differential form, with the 
lowest component p (0) = p(^“) being the usual scalar density on phase space. The time 
evolution of g is given by 

= J d 2n 4>, d in a W 

where the kernel K has the path-integral representation 

*/ 

- [ v * vx Vc Vi ' j diZ (4) 

J U 

t Thi. mean* in*en*itive to both ".mall" and "large" deformation* of u. and H. 


2 


•object to the boundary conditions 


*•(<.) = <*>• , *‘(*/) = 4>) 

c*(U) = c* , C*(</) = c) 

The initial values of the momenta A, and are integrated, but the path-integral is 
independent of the final values* . In terms of the "super- Hamiltonian” 

n = a.u + ic.u.“a e ^f/c k (6) 

the Lagrangian £ is given by £ = 4- ic«c* - ti . Explicitly evaluating the path- 

integral (4) one finds 

K (^* , c* , </|^*, c*, ti) = - <,(«/. *))« ( * n) M - <£((</, Ci,(4])) (7) 

Here and c*j denote solutions of Hamilton's equation of motion (1) and of the ghost 
equation of motion 

[*«: -u>"d e d>H(4>)]c k = 0 (8) 

with initial values 4 > “ and c% respectively. Equation (7) clearly shows that we are doing 
classical mechanics rather than quantum mechanics, since a particle can propagate from 
an initial point to some final point only if these two points are connected by a classical 
trajectory. If we are not interested in the ghosts, we may integrate (7) over c* f and are 
then left with the propagation kernel for ordinary density functions p(4“) • Formally we 
can rewrite (3) as 

= e- il *fl*V,0) (9) 

Where H is now a "Schrodinger" picture differential operator with A. replaced by 
j g m by -fe. Looking at the component fields of eq. (2) we find that in 

this ^representation H is essentially the same as the Lie derivative along the Hamiltonian 
vector field h*(4> e ) = u generated by H: 

H = -t Ik < 10) 


l K = h‘d m + c i (d i h t )— HD 

is the Lie-derivative operator along the vector field fc- . In refs.[l] and [5] , we studied in 
detail the symmetries of the action 5 = J diC. Here we only mention the most important 

• This is the same situation as for a Dirac Reid [8] . 
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one, namely the BRS-invariance of 5. The BRS transformations act on the fields as 

= <c" 

6c a = »<A 0 ( 12 ) 

6c a = 6\ a = 0 

They are generated by the conserved charge 

Q = i c-A. (13) 

according to <(■) = (*(?,(•)! where the non-vanishing (graded) commutators are given by 

(14) 

[a.c] = «: 

In the Schrodinger picture Q becomes Q = c m d u , so that the BRS operator can be 
identified with the exterior derivative. 

Before turning to the topological field theory aspects of our approach to classical me- 
chanics (CM), we briefly mention a slight generalisation of the path-integral (4) which will 
be useful later on. We consider N distinguishable species of particles, all of which evolve ac- 
cording to Hamilton’s equation (1) with the tame Hamiltonian vector field h m = u . 
The time-evolution kernel for their generalised densities • ’ ‘ ** 

given by a product of the ^-functions in eq.(7) 

N 

Kn( { {«*,/}» </|{^k,t}» {**.<},*•) = JJ ^'(^*./» c *./,*/l^*.»,c»,»* < ») 


= j V4>\ V\ kA Vc\Vc kA exp i j dtC N 


The path-integral representation of Kn is again of the form (4) but with 2ty*(l)DA.(<) • • • 
replaced by V4\(t)V A,* • • •, and the Lagrangian £ replaced by 

Cfj = Y^,k=i £(^t. ^«,fc» c *>^s.k)- Since the various particle species do not "interact", the 
resulting N-particle theory is simply the N-fold tensor product of the original one. The 
action Sn = J dtCfi is invariant under a set of N independent BRS transformations of the 
form (12) . We shall come back to this generalisation when we discuss the path-integral 
representation for the Maslov index. 

• This function gives the "»uper- probability" to Rad a particle of species 1 at (4*. «*). of species 3 

•t (4J.C?) 
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Now let us describe what our approach to CM has in common with topological field 
theory models [6] . The crucial observation is that the Hamiltonian H and the Lagrangian 
C are pure BRS variations. Using (12) , or (13) with (14) , one easily verifies that 


and 


n = -i 


< 3 . [Q,H] 


£»-«[Q.x] 


where Q = ic, is the anti- BRS operator [1] and where 


(16) 


(17) 


X = <:„[*• -/»•(*)] 


(18) 


Interpreting (17) in the language of the standard Hamiltonian BRS- approach to gauge 
theories [9] , one would conclude that the Lagrangian £ is completely determined by the 
"gauge fixing function"x, because the gauge-fixing condition enters the Batalin- Fradkin- 
Vilkovisky path-integral [10] precisely in the form of a BRS-commutator [<2,x] . A natural 
question to ask is whether there exists a local symmetry which, upon gauge fixing, gives 
rise to the BRS invariance of C. This is exactly what was shown to happen for the fermionic 
symmetry of Witten’s original theory [11] . In the present case it is not difficult to find the 
underlying local symmetry. Note that in eq.(18) Hamilton’s equation appears as a kind 
of gauge-fixing condition. In fact, let us consider a theory of paths 4> a [t) in phase-space, 
which has an identicadly vanishing action 5[^] = 0. Clearly, for this trivial action each 
path is as good as any other path and so 5 is invariant under the transformation 


*•(«)-»**(<) + **•(<) 


(19) 


where is a completely arbitrary deformation of the original path. Very formally, 

the partition function for this theory would be 

Z = J Vf(t) (20) 

it is a functional integral over a constant. To give a meaning to (20) , let us gauge 
fix the local * "gauge” symmetry (19). We choose the following gauge condition: 

G* = 4> m - h*(**) * 0 (21) 


where h“ = u t^d^H is the vector field generated by some Hamiltonian H. Obviously 
the paths obeying the condition (21) are exactly the solutions of Hamilton’s equation. 

f Here and ia the following ’’local’’ means local in t. 


In a heuristic manner we can now apply the Faddeev-Popov trick to (20). We implement 
(21) by a 5-function 5[G“] multiplied by the Faddeev-Popov determinant det(ffi). 

This yields 

Z = j Vf(t) 6[f - *•(*)] drt[6idt - W(*)] (22) 

Equation (22) is exactly the starting point for the path-integral of classical mechanics 
which was proposed in ref.[l] . If one Fourier-transforms the 5-function by introduc- 
ing the auxiliary field A a and exponentiates the determinant with the ghosts c“ and 
c., one arrives precisely at the integral (4). This shows that, in a sense, our path- 
integral can be considered a gauge-fixed version of the "topological action 5[^] — 0 , 
with Hamilton’s equation playing the role of a gauge fixing condition. This turns the local 
symmetry (19) into the global BRS-invariance. 

The next question to ask is whether the path-integral of classical mechanics can be 
used to compute topological invariants. Let us first clarify the meaning of "topological 
in the present context. For the kind of topological field theory discussed by Witten [6] , 
the expectation value ( O ) of some operator O is a topological invariant if and only if it 
is invariant under infinitesimal changes in the metric g^ v of the Riemannian manifold on 
which the theory is defined. Clearly, since we are working on a symplectic manifold (phase- 
space), which in general does not have a Riemannian structure, the topological invariance 
of some expectation value must have a different meaning. In our case a quantity is of 
topological nature if it does not depend on the dynamics given by the Hamiltonian 
it does not change if we perform small deformations of H or of the associated vector field 
h.* 

Let us change the Hamiltonian vector field h * by am amount 

<,*•(**) S nV) (23) 

Then eq. (17) and (18) show that C changes by a BRS-variation 

5„£ = »[Q,c.q‘] (24) 

This statement is analogous to the property of the theories in ref. [7] that the metric 
variation of the Lagrangian (the energy- momentum tensor) is a BRS commutator. Now 

* Deforming h means either deforming w or ff or both. 

S 
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Wf investigate under which conditions the expectation value 


(0(0) = / die 


(Oo / 0 is inv.ei.g, u „a„ (23): 

' 7 ,‘ K (25) l-r.r]. „ ,hr i„. 

tegr.tion over 11 field, .. f = - T .„d over *• . nd <• ., , = + T Note the! ,l,e.e 

bounds conditions .re BRS .„e.r,.„, Ber.nse of the B RS -i„v. ri . nc e both the .Con 

“d P '°" '» “» -W [71 th.t the expectation * of „ BRS 

variation vanishes 

<[Q,0]> = o (26) 

Exploiting .Iris fact. it i. easy see th.t the p-v.ri.tion of (0(0) is given by 

MO(0) = («,O(0) + ([0.0(0] J d, c„p-\ (27) 

Again ..sing ,26) we see th.t (0(0) is . (non-xero) topological .nv.ri.n, if ... regnire 

[Q,O( 0 ] =o 

* [<?•(•)] (28) 

= [<?,(-)] 

These conditions are very similar to the analogous requirements for topological Yang- Mills 
theory or the topological «r- model, say. The observable O must be BRS-closed, but not 
exact, and the ^-variation (or the ^-variation) of O has to be a BRS-commutator. If 

these requirements are met, (O) does not depend on the details of the dynamics prescribed 
by H. 

As a first example, let us consider the simplest operator satisfying (28), namely the 
unit operator 0 = 1. Computing its expectation value with free boundary conditions 
M in (25) we would obtain (O) = 0 because of the ghosts’ rero-modes. 5 This is not 

1 A way out is to insert a 'gauge'-fixing function JV( A(0), o(0), ?{0)) for these sero modes, as we did in 
the appendix of the second paper of ref. [1] . 
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so for periodic boundary conditions (pbc) k , however. Requiring ^*(0) = 4>*(T) and 
c°(0) = c“(T) for some fixed T > 0 , we are led to 


T 

^p*c = J • • • exp i J dt'C 

p*k o 

= J d in 4 > o d 7n c 0 K(<f>o cS.TI^.eS.O) 


where we used eq.(4) in the second line. Periodic boundary conditions indeed respect 
BRS- symmetry. Under the transformation (12), the first condition ^*(0) = 4>*{T) for 
instance, become, *-(0) + cc-(O) = +'(T) + t c‘(T) which is fulfilled since c* is Jao 
penodK. On the other hand, antiperiodic boundary condition, for the ghosts would break 
_ invanance We now compute in the limit T - 0 and show later on that 

Zphe aCtUal,y d °” n0t d ^ nd ° n T • In (7) we expressed the kernel K as 

* product of *- function, involving the solutions *•(,) and c* el (t) of the equation, of 
motion (1) and (8) . For T — 0 and with initial conditions *•,(* = 0) = <£• c m ,lt = 0) = cS 
their solutions simply read ' C ^ 

*SK r ) = + 5*(0o)r + 0 (T 3 ) 

c ci(T) = c5 + ^A - (^,) c ‘r + 0(7°) (30) 

Inserting this into eq. (7) we find for T — * 0: 

A(*S.r$,ri*;.cS.0) = ^ ,n, (/i*(^)r)#( , ’"(^Ai-(«p 0 )c‘r) 

= (31) 

As is to be expected, for closed paths and short time, T the kernel K 

butions only from the points where the vector field * = ^*7 

^ ..... of .be B . u. , r , mP ,ie..?i.7b: :: " 

non-degenerate critical points at We then have ' 

A'(^^s,r|o5.c S .0) = ^n, (c5) ^ (lw) 

w i*«[^“(^ ) )]r ( *°~^) ) (»> 

b This corresponds to a cho.ce of a particular N function 
o This restriction .. not essential Along the lines of ref 1 1?1 

include degenerate Morse theory. ' °“* CO * M *«»«*«hse the dktaig, to 
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.^.h r . um „„„d.„.„ J Uri„^ p ™„ t ., n „„ . (32) (M| on , Bndt 


w _ Y' 

^\drt (/**•<*,„)] | 

= y, Jr(»,^H<4, lpl )] _ 

~ 7Z v**\a.*kHi*, P) )}\ = 


Hw denotes the index of the critic a] point (p). ,.e„ the number of negative eigenvalues 
of the Hessian of H at (p) (which in local coordinates has component* )) 

The above result for has a well-known interpretation 1 131 : it i. the Morse th^r, 

representation of the Euler number * of the manifold on which the "Morse function" H is 
defined. Thus we have found that 


z s*c - xfAfjn) (34 ) 

This answer is indeed independent of the dynamics of the system under consideration. 
The Hamiltonian acts only as a Morse function and hence contains only information 

about the topology of phase-space, but not about the dynamics generated by H. Next we 
show that eq. (34) holds for any T > 0 and not only for T — 0 . The argument we 
use is quite standard in the discussion of the Witten index of supersymmetric quantum 
mechanics f 141 (15) . Recalling eq.( 9) we may write eq ( 29 1 as 

Zs*c = rr[(-)'V ,r *] (35) 

Here the trace "7V" is performed over a complete set of functions p n ( «>*,<-•) or, 
equivalently, a set of antisymmetric tensor fields „,(*) ,P = 0. n, which enter 

the expansion (3). The Hamiltonian H acts on them like the Lie- derivative along h. 
"Fermion number" operator F counts the degree of the respective differential form, 
(~)^ = -f 1(-1) for p even (odd). To give a meaning to eq. (35), we have to 
introduce a scalar product for forms. This is done by choosing an arbitrary Riemannian 
9«* on M j„. Furthermore, we decide to evaluate the trace in a basis of eigen- 
functions of the Laplacian A| = d& + bd constructed from the metric . Let 

• Tfc* factor (-1)^ appears becaase. doe to the ghosts the basis functions p. do not necessarily 
connate 

V Here d{4) denotes the exterior (co)derivative 
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be a complete set of normalized eigenfunctions. Then 

7V((-)'e-™] «£<- , ) r £(#? , |e' TU |*! rt ) (*> 

r« • 

where the inner product (-||-) refers to g^, and where A f g\*' = The resent ial 

observation 1 14| is that (36) receives contributions only from the p with A = 0, because 
for A 0, we have always a "super multiplet" (p,p) of eigenfunctions with the same A , 
but a different value of (-1)^: 

1 - (37) 

* = + 

Since ezpi-TU) commutes with d -t- i, we have that 

<*|exp<-ri4)|*> = (#je*|M-ri fc >|^) ( 38 ) 

and therefore all contributions to (36) with A * 0 cancel pairwise. Thus the BUS of 
(36) reduces to a sum over harmonic forms or, equivalently, to a trace in the de Rham 
cohomology group H*(At*,.R): 


Zs*c = £(-irTr H ,[e- n ‘] 


The RHS of eq. (39) has a well known interpretation in terms of the Lefscbets coincidence 
theorem 1 13) , namely it is the Lefschets number Ie/(e*p< -Tl*)] of the mapping induced 
by exp{ -Tl k ) on phase space. The general Lefschets theorem, for an arbitrary mapping 
K of some manifold into itself, expresses alternating sums bke (39) in terms of local data 
of the fixed point set of the respective mapping It can be shown that Le/[ A'] is always 
integer, and that it does not depend on the Riemannian metric chosen. Furthermore, 
W[A] •* » bomotopic invariant of A. This implies that, if A is homotopic to the 
identity map, A - id . the traces of H’ are simply given by the Betti numbers 4* 

Tr H »[A] = Tr H „[,d] = di m H’( At , S ) = P (40) 

In our case A = exp{-Tl k ) is generated by a continuous time evolution and A is in 
fact homotopic to the identity (with T playing the role of the homotopy parameter). 
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Therefore eq.(39) becomes “1 )'’&'’ = \(-Mj„) which coincides with the 

result (34) of the explicit evaluation of the classical path-integral. Since K - id for any 
value of T , the relation above shows that Z ^ does not depend on T. 

The reader will have realized that our classical path-integral has many features in 
common with the partition function (with pbc) of supersymmetric quantum mechanics on 
a curved manifold [14] ,[16] . In fact, both path-integrals evaluate the "Witten index" 
Th «* r< * also crucial differences, however. From the quantum mechanical 
point of view, the underlying manifold M in is a configuration space. «.e., to be able to 
quantize a particle in this space we need a Riemanntan structure in order to write down 
a Schrodinger equation or a quadratic term \g ak (4>)<t> a <p h in the action. On the other hand, 
from the classical mechanics point of view. M 7n is a phasespac r, t.e.we have to require a 
symplectic structure in order to write down Hamilton’s equation of motion. At first sight 
it seems surprising that in evaluating equation (29) it does not matter whether we use the 
classical or the quantum mechanical propagation kernel h . ] n both cases K is given by 
an integral over the space of (based) loops of length T, with different actions . however 
Since for the particular observable the value of T may be chosen freely, we can 

take r — 0. in which case the loops can effectively be identified with the points of M 2n . 
In this situation the form of the action in loop-space does not matter anymore and, in 
particular, quantum effects are irrelevant. 

Now let us try to find more general topological invariants ( O ). Assuming that (P 
does not depend on H. eq.(28) requires that O has a vanishing commutator with Q. but 
cannot be written as the BRS variation of something. Operators with this property are 
in one-to-one correspondence with representatives F {p) = F^' a dit>"' A . . . a <p a r of the 
cohomology classes HP(A4 2n ,tf). If we define &f\t) = F ^} .„„(<*( t ))<-“' ( f)c“> (f) - • . <-“«■( 1), 
it easily follows from the operatorial rules* derived in ref. 1 1 ] that is BRS- closed, 

but not exact. If ^0 { °\t)j is to be a topological invariant, it may not depend on t. This 

would be guaranteed if (9 ( j? ) were a BRS-commutator. It is easy to verify that this is 
indeed the case: 

[<?,oyV)| (4i) 


0 { p\t) = pF a ,... ar (d>(t))<i> a '{t)c a ^t)-. c°'(0 


• Recall that |Q, F' r ' = [dF >r< ) , where the means that d4> a is replaced by c" 
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The observables 0 { ° ] and 0 ( p are analogous to Witten’s [14] operators W 0 and Wj out 
of which the Donaldson invariants are constructed. Since in our case the "base manifold" 
is just the interval [-1, 7*], or rather, for 7* — oo , the real line R, there are only two 
classes of such operators. (On a four-manifold the above construction continues and one 
arrives at five operators H' 0 . W’,,- • • , W 4 .) In our theory we cannot replace more than one 
c° by a derivative of <t> a . Now let us look at the expectation values ^ i^^F }• 

Here we have to distinguish carefully between the path-integral defined on the interval 
[ - T , -fir] where the fields <£° and c* are integrated independently at t = ±T , and the 
path-integral for a compactified base manifold 5 1 where the points (^*( — T), c*( — 7*)) and 
(<j> a { + T),c a { + T)) are identified so that there is only one integration over 6{-T) = 6(T) 
and c“(T) = c°(-7’). This compactification to 5 1 has been used for supersymmetric 
quantum mechanics (12) . For the first type of boundary condition and the operators 
0^\t = 0), we find for the path-integral (25) 

(o { r\o)) = j dx(T)dr(0) dr(-T) A'(*(T),r|*(0),0) C^VlO)) 

• A'(»(0),0|*(-r),-D (43) 

= J dx(0) C+Z\x(0)) 

where we have used the notation r = (<*>“, c“) and eq.(4) for [-7\0] and [0, T] re- 
spectively. 1 Obviously does not give rise to interesting topological invariants 

since for p ^ 2n this expectation value vanishes because of the ghost integration. For 
p = 2n one obtains f d Jn 0 F a , a,.f 0 ' which is proportional to the volume of phase- 
space (if b° = b 2n = 1 ). We stress, however, that on [ - T. -fiT] it is possible in principle to 
have a non-zero expectation value of an operator like O J, 0 ' with non-vanishing ghost charge. 

1 he reason is that, as in any phase-space path-integral over some interval [-7\r] [17] 
there is a mismatch between the position o“ and the momentum c. integration: including 
the position integrations at t = ±T , there is one more position integration than momen- 
tum integration. This means that the measure Vc Vc is not neutral under the ghost 
charge transformation* . Later on we shall exploit this fact when we give a path-integral 
representation of the Maslov index. The situation is different if we compactify [-T, T] to 
the circle 5\ «.e„ if we integrate over closed paths only. Then the c and c- integration, 
match and only operators of vanishing ghost number can have a non-aero expectation 

t Note that Jdr, K{z , . t, |*„ t.) = f dx, K (*,. t , |*. .*.) = , 

• Recall from ref [1] that (c«. e«. *\ A.) ha. ghoat number (1,. 1,0,0). 
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value ’ . Since both and contain only c's, but no c’s. no further invariants 

beyond can be computed in this way. Note also that when working with S l we ran 

Wktw Witten's procedure of integrating P ( r ' over a l cycle in the base manifold in order 
to obtain a BUS- invariant quantity. In fact, using (41). we see that ^ dtO^ '(f) commutes 
with Q because of the periodic boundary conditions 

We are now going to discuss another kind of "topological" observables which are sensi- 
tive to »■ and H This discussion is specific to the path-integral of classical mechanics 
and we do not know if it has a counterpart in quantum field theory The point is that up to 
now. in ordeT to integrate over closed paths, we had to specify this by an explicit boundary 
condition *“(0) = **(7'). This condition selects those initial points *• for which the vector 
field h m , or the Hamiltonian H respectively, admits closed trajectories of length T Typi 
rally there will be only very few such trajectories; in fact, it is known that they form a set 
°f measure sero. For a generic Hamiltonian H. almost all initial conditions **(0) will give 
fine to trajectories which never close There exists a special class of Hamiltonians, however, 
which has the property that they generate closed orbits in phase- spare for any initial point 
*S- This kind of Hamiltonian naturally appears in integrable systems, for instance I,et 
us assume we are given a (near hntegrahle Hamiltonian system which then 

possesses invariant ton in some part of phase space, at least In this region it is possible to 
transform from the ^‘ coordinates to action angle variables (#,../,), i — 1 -n C'onsid- 
enng the actions J, = ./,(**( as the generators of a family of canonical transformations, 
their integral curves generate the basic homology cycles on the tori Starting from a given 
posnt *•10) and following the trajectory induced by J, according to 

<p‘ = <«■ I (44) 

we generate the i-th cycle [', Along this loop the angle variable increases from 0 to 
2», while the others 10,. J f i) do not change at all The time needed for one circuit 
depends on the point *“(0) A given initial point is equivalent to a set of numerical 
values {./,.i - 1 n) for the action variables This set defines a certain n torus in ,M],. 

The curves r,,i - 1. .n generated by J , I > starting from **(0| lie on this torus for 

all t From the path integral point of view it is attractive to use ■/,(*). rather than H, 
as a Hamiltonian, because for this class of Hanultomans the path integral is saturated 

• This Ulnsi lion the luukia) lades <4 the kiaete opstalor of the (hosts The sitsatloa u siuuUi u 

to that of tofmiogKal qssalsn mechanics see ref j 1 2 

I Again w stress the meaning of * topofogx aT for seam tics I here it means that the* 4o not 'leef small 
deioc matron* cf », K bst only 'large' deformation* 


by closed path, even in the cur when we work on [-7\r] with independent < and c«- 
integration at f = . We begin with a very simple example. We take the path-.ntegral 

(25) over [-T.T] with independent integrates at the end points and replace the Hamil- 
tonian H by the actions J, Furthermore we pick a certain representative F = F m d4 of 
H'(Adj„.lt) and define the observable 

= i (1 -‘(*-(0) - f <«> 

which is similar to eq.(42) for p=l* . / na functional of the (closed) path d*(<') and the 
f'-integration is over a full period. Clearly F is BRS-invanant, since a BR5- transformation 
leads to a homotopic deformation of the path which does not change the integral or the 
RHS of (45) since dF= 0. Moreover. *“(0) would change by an amount «c“(0), which 
is zero due to the second 6- function. If we now compute the expectation value (T) it 
is easy to see that the path-integral calculates f F m d6* along the classical trajectories 
generated by J , starting from 

<^(*S)) = jdt'F^^. *£))<,(*', *£) (4«) 

Even this somewhat trivial example nicely illustrates the interplay between dynamics (or 
topological- (invariance, BR.S- invariance and homotopic invmriance. If F is closed, F is 
BRS-invariant and therefore (/) is insensitive to the details of the "gauge- fixing" , i.f., 
of the Hamiltonian. On the other hand, F being closed means that ^ F is invariant 
under homotopic deformations of T,, and the BR5- transformation **(1) — • **( f ) -f 
rc*(f) provides precisely such an infinitesimal transformation Nevertheless, contrary to 
X( F'i jn )» say, (F) depends on the the Hamiltonian, since replacing J, by J k ,k i, for 
instance, F is integrated over the cycle which yields a different result in general. 

Now let us apply the above method to the Maslov index|lft| |19| |20l . The Maslov 
index occurs in two different versions; as the even integer **. in the Einstein- Brillouin- 
Krller semiclassical quantization condition 


J, = (n, * )A , n. 


0, 1.2- 


«7) 


for integrable systems, and as the even or odd integer entering the phase-shifts of the 
WKB wave functions Traditionally the Maalov index was calculated by investigating the 


° Recall ikat IB lk>» alaattoa as caa kas* (O) * 0 **sm if O 'oalatas ( k- rts 
• From ao. oa t is ao koagr. Iks pkyweal ha. k«l ..ply a aaiamste. sioa. 

ik« y; « • 


by 


n 
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caustics of Lagrangian manifolds, but here we shall follow the approach of Littlejohn [20] 
who interpreted p, as a winding number in the Sp(2n) group manifold. We consider an 
integrable system with action variables Jj, t = 1 • • • n, giving rise to a set of basic homology 
cycles Ti on the invariant tori. To each cycle we can associate an integer /ij by the following 
construction. Let I\ be parametrized by <t> a (t), t € [0, 2tt] which solves eq.(44) for some 
= 0) = <t>“ • We define the 27r periodic matrix function 


= 


d4>H0) 


which describes the change of the position of the particle at time t due to a small change 
of the initial conditions. Note that this matrix is symplectic, 5£ € Sp(2n), since it is the 
Jacobian matrix of a canonical transformation [5] . Now divide the phase-space coordinates 
into a set of n "positions” q' and n "momenta” p‘, i = 1 and then 

form the (n x n) matrices 5f(t) = Sg(t) and 5£(<) = S£. As was shown by Littlejohn and 
Robbins [20] , these matrices can be used to compute the Maslov index p, associated to I\: 

Hi = 2H'[«fe«{SJ + »5*}] 

= * f £- t ln det[ s '(t) + iS' p (i) } (49) 


First of all this formula expresses ^ as a winding number W in the complex plane: the 
integral on the RHS of eq.(49) counts the number of times the value of the function 
det[Sj + i5£] encircles the origin of the complex plane, in a period of oscillation of <t>. 
Eq.(49) can be used to assign an integer W\S] to any periodic, symplectic matrix function 
S. Clearly W[5] can depend only on the homotopy class of S. Since Ili( 5 P( 2n )) = Z > 
these classes are labelled by a single integer (the winding number), which turns out to 
be given by W(S). This means that the winding number of det\S j 4- tSf] in the complex 
plane is the same as the winding number of 5f on the group manifold of 5p(2n). The 
formula (49) is not manifestly canonically invariant because of the arbitrary splitting 
of 4> a into positions and momenta. It can be shown, hovever, that p, does not depend 
on this splitting [19] . For more details about the Maslov index, we have to refer to the 
literature [18] ,[19] ,[20] ,[21] . We now proceed to give a path-integral representation for 
The crucial observation is that the matrix SJ(<) of eq.(48) is essentially the same as 

V For • proof *ee the appendix of ref. [21] ■ 


r 


4 


o„r ghost Holds. In fact, if *‘(<) solves eq.(44), this m.trfa-fvmction is » solution of 

[wf-0u;w<))]si(<> = ° (50) 

with the initial condition \-(0) - K (here Comparing sq,.(50) nnd 

(g, „ that, for each fixed value of the lower ,ndex r. 5* evolve, ,n the same wa, 
„ ,he ghost c*. This means that an object like Sf appears n.turjly tn the N-p«t,de 
path-integral of eq.(15) if we put N = 2n. Us.ng the initial condition <*(0) - VI » ' 
2n "species” of ghosts, we can recover 5£ at a later time by 5 k (t) - Here “ 

anticommuting constant introduced because 5? is a commuting object, whereas the ghost, 
are anticommuting. Now it is easy to express p, a, an expectation value of the form 

T 

(O) = f V<t>l(t) VK,k - 0 ex P * f dt ^in 

s' -T 

with i € [-T, +T),T > 2ir, and independent integrations at the end-points 1 . We define 
the observables as 

aw = 2 n * (,n) (<w) - «) n - <«> 

* =1 fc=I (52) 

■ + <«?(<))] 

O 

The first 6-function fixes a common starting point for all 2n-paths we follow, and the 
second assigns the initial values to the ghosts. Obviously when computing the expectation 
value (Oi(<j>o)), the path-integral is saturated by a single classical trajectory on which the 
observable <W“) is evaluated. This means that (WS)) = Hi for any initial point 
The observable 0(4>%) is BRS invariant except for the 6 function fixing the starting point. 
Under the BRS-transformation it is changed by an amount « k c*J = ■ To obtain a fully 

BRS invariant observable we can omit the 6-function, which fixes the initial point 6>, 
from (52) or, more precisely, use the operator O = ft -1 / d 7n 4 > o O(^o) where fl is 
the volume of the phase-space* . Obviously, since all trajectories generated by J { lead to 

t And again we have substituted H — • Jj. 

t Here * k i» ‘be transformation parameter for the "species" k. 

• Here we assume that the J, can be defined everywhere in phase-space. If A4j„ is non- compact, one 
might need a sort of "infra-red regularisation" to define O. 
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the same Maslov index, we have again (O) - k..t .1 • 

* ' **» but th «* time wjth a manifestly BRS- 

_,op.,.u,r ( > Applying the »l>ov, MpmwU, lh. BRS-invwinnrt of O Imptol 

r" d ' ,< ’ rmMiOT> »< A • -Kick u, ,„ m inlo 

of ,hc ,,r,,,in * 1 ,Umm — - » «k,ch ,. w lh , U) Notr 

T“ . .. T r 1 *"" V- «.»■! for «h. Muluv 

In hr fir., r»n ,U,W pmpnrlin. .,( wt ,_„ ^ 

^ *»• '“"'n-Plpn.pMip.l^.WMHpk ( M„„, n , h „, 

rhu.„.„„,h, ? TU ’ ,h ' M “'- In, lien, rhnrnrtnriln ,h, „,p, 

T ,P * m * fc “ i' 1 * 1 »I'»-P.~ A(,. , K , 

I,, A.nn.',li>«.| TW i, ... h „ „ (1 ^ 

* ~ U *"' n-Knm,^ ,.i„, 

(Wmgm.iw, l.„,„,«| M . „( l, it , ,, h „ r 

'» yyf.piH . thn 

MmK.v in, In, i. ,, Wn .ill l..nk ,l„ f u ,„ r n| a3| 

,h ' M "'" v in'ln* in U>r Arnnl’il ,n„i„„, l„ ,h, w.rk .ill .1.,, 

. p.,1, ,„ln,„| rnpm«nntnli„„ ,„ ,|„ 

tlmcvnm.l men,., I, I,, FI„nr|'J 3 | |,„, |,,„ „ hupn I„ .1,1, ,„ „„ 

i„ln«r»l « . KMS ,||H| ,„ "u. | ,..|„ s i,.|" pmpnrtin, „f ,l„ 

pfl, „„l l,„n indie, ion, on ,1m tnlngrahilily „r K AM „»,„m .,( 

Ilm linn, n( ml |fi| 1„ ,n„nr,l U,inl, llol „„r f„„rti„„M .ppnnmh cl M ,u ,1 mnnhnnin, 
ran be used to R ivr a |>Mh iu«r R ral representation Cor ntan.v more "topolo R io«r invariants 
than the tw»» discusserl in this introductory work. 

We close with a few remarks on the meaning of BUS invariant houndary conditions, Of 
course, a priori, classical mechanics is not a topological field theory and the time evolution 
of some phase space density <•(<*>) or its generalisation has little to do with topology 

The time evolution of these functions is described by the path integral (-1) whose boundary 
conditions are ncl HRS invariant. Hence the dynamics of p indeed "feels” the way in 
which we "gauge fix” the symmetry (1!)), i.r., it does depend on the local form of the 
Hamiltonian which enters the gauge fixing condition. It is only for the very limited class 
of RRS-invariant observables together with HRS invariant boundary conditions that we 
may obtain a topological invariant. We can rephrase this by looking at the theory in its 
Schrodinger picture (see ref. |1] ). In general we are dealing with functions p which are 

f Like for example the space of the triplets (.M),,. 1 , H). 
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not RRS-invariant. Requiring them to be annihilated by Q % 


gp = r‘^p(*\r“)=«0 (53) 

means that, for 0 forms (for example), the only allowed or "physical" state is = 
ronsf. Clearly, from the usual dynamical point of view, this is a rather uninteresting 
situation. Similarly, for a general p-fbrtn eq.(S3) selects the closed forms 

only. If we make the additional requirement that p should he of the form p * Q( ), 
we see that the "physical state space" of the classical particle is given by the de Rham 
cohomology classes H«*(M^,Jf), What is meant by "physical" in the above context, is 
that in these states the gauge fixing is not felt. This is the reason why. in gaugr- theories, 
the RRS- condition has to he imposed to get acceptable or "physical" states. However, for 
(potentially) topological theories, like classical mechanics, the situation is different : by 
imposing our HRS symmetry, one is able to extract en/jr topological information from the 
throry, like de Rham cohomology classes in our case. 

Anyhow we feel|2J| thst "something" like a phraical-state condition should he impoaed 
also on ( standard non- topological) CM by using a different HRS generator. This generator 
is the one we get once we study the symmetry of Z,„ with the N function* inserted. Let 
us remember that the N function acts as a "gauge fixing” for the ghost sero modes and so 
the expectation values of every observable have to be N -independent : this will modify our 
original RRS charge. Using this different RRS charge, the new physical -slate condition 
acquires a meaning once we work in the GNS(25| representation for classical mechanics, 
and there it ensures the posifictfjr of the classical probability [22] . 
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« This is thr function that we introduced in the appendix of the second reference of ref. Ill (and 

previously in this paper) to cute the problem of the ghost tero-mode. 
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